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Improvement of Prandtl mixing length theory and application in modeling of
turbulent flow in circular tubes
LUO Xiao(罗 潇), LIU Ping-le(刘平乐), LUO He-an(罗和安)
(College of Chemical Engineering, Xiangtan University, Xiangtan 411105, China)
Abstract: In order to correctly predict tube cross section time-smoothed velocity distribution, friction factor and mass transfer
behavior, two models for turbulent flow in circular tubes based on classical Prandtl mixing length theory and a modified mixing
length were established. The results show that the modified mixing length includes the introduction of a damping function for the
viscous sublayer and the second-order derivative to approximate eddy velocity. The calculated dimensionless time-smoothed velocity
from the model based on Prandtl mixing length is much better than the result from the concept of eddy viscosity. The calculated eddy
viscosity from the model based on modified mixing length is much better than the result from the model based on the classical
Prandtl mixing length theory. And the friction factor calculated from the model based on the modified mixing length agrees well with
the reported empirical relationships.
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1 Introduction
Turbulent flow is important in all technical
application and engineering practice. Till now,
semi-empirical method has been widely used to deal with
turbulent flow. Although computational fluid dynamics
undergoes rapid development, direct simulation of flows
is restricted to very simple geometries and low Reynolds
number[1−6]. Development of turbulence model is
therefore still an important task and even some
semi-empirical means such as the eddy viscosity or
Prandtl mixing length are very helpful to dealing with
many problems in engineering practice due to their
simplicity[7−10]. For instance, FRISCH[11] expressed
Reynolds stress for turbulent flow in circular tubes by the
eddy viscosity or the Prandtl mixing length.
Although the conception of eddy viscosity is
commonly used, it should be in fact an empirical means
because it is only from an external analogy of the
molecular viscosity of fluid[11]. In addition, the
coefficient of eddy viscosity µt is not a constant like the
molecular viscosity, and it should be a function of the
overall and local Reynolds numbers. As an example,
REICHARDT[12] proposed an equation of eddy viscosity
coefficient for high turbulence in tubes.
Prandtl mixing length theory comes from the
assumption that eddies’ movement in fluid is similar to
molecules’ movement in low-density gas[13]. This is a
more fundamental and acceptable analogy compared

with eddy viscosity though it is not very good, and the
mixing length (l) should also be determined by
experiment. However, the Prandtl mixing length mainly
succeeds in dealing with some extreme cases such as
wall turbulence and free turbulence[14]. Hence, some
modification and improvement of Prandtl mixing length
were attempted in this work. Tube turbulent flow models
based on the modified Prandtl mixing length were
established to focus on time-smoothed velocity
distribution, eddy viscosity and friction factor.

2 Modeling of turbulent flow in circular
tubes
2.1 Model based on Prandtl mixing length theory
(Model 1)
Reynolds stress for turbulent flow in circular tubes
can be expressed by the eddy viscosity or the Prandtl
mixing length[11]

ρ u ′v′ = − µt

du
du du
= −ρl l
dr
dr dr

(1)

An equation of eddy viscosity coefficient for high
turbulence in tube is[12]:

µt
= k R Rˆ (1 + 2φ 2 )(1 − φ 2 )
µ

(2)

Commonly, the shearing stress of Newtonian fluid
for turbulent flow can be described as the sum of the
molecular and eddy’s parts:
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τ = −µ

du
+ ρ u ′v′ = τ wφ
dr

775

(3)

Combining Eqn.(1) with Eqn.(3) gives a model of
time-smoothed velocity for turbulent flow in circular
tubes:
d u% 1 − 1 + 4 Rˆ 2 λ 2φ
=
dφ
2 Rˆ λ 2

(4)

The boundary conditions and constrained conditions
are
u% φ =1

1 d u%

u
= 0 , 2∫ u%φ d φ = − ∫
φ dφ =
0
0 dφ
uˆ
1

2

(5)

where

λ=

ˆ
l
u
ρ uR
, u% = , uˆ = τ w ρ , Rˆ =
R
uˆ
µ

(6)

τ and τw represent the shearing stress of liquid and the
shearing stress on the wall; R, R̂ and r represent the tube
radius, the dimensionless radius and the radial distance
from the tube center; u, u′, uˆ, u%, u and v′ represent
the time-smoothed velocity, the axial pulse velocity, the
friction velocity, the dimensionless time-smoothed
velocity, the average velocity of tube cross section and
radial pulse velocity respectively; l, λ, φ, ρ and µ
represent the mixing length, the dimensionless mixing
length, the dimensionless radial distance, the density and
the viscosity of liquid respectively.
Eqn.(4) is the model of time-smoothed velocity
profile for turbulent flow in circular tubes based on
Prandtl mixing length theory, denominated as Model 1,
where the dimensionless mixing length (λ) is a key
parameter that has been found to be not a universal
constant but a function of position. PRANDTL proposed
an expression for the mixing length in wall turbulence as
follows:

λ = κ (1 − φ )

(7)

That is, the mixing length of eddies is proportional
to the distance from the wall in the region near the wall
except the viscous sublayer[15]. Additionally, κ in Eqn.(7)
has been found to be a constant of about 0.4 under the
condition that Reynolds number is large enough. As
mentioned above, Eqn.(7) in fact, cannot be used in the
region far from the wall to the center of the tube. Hence,
a relationship for the mixing length covering the whole
region except for the viscous sublayer was proposed in
Ref.[16]:
⎛
⎝

4

3

⎞
⎠

λ = 0.14 ⎜1 − φ 2 − φ 4 ⎟
7
7

(8)

There are numerous attempts to extend the

equations of mixing length to include the viscous
sublayer, multiplying the mixing length by a damping
function. By using an analogy with the laminar flow on
an oscillating flat plate, ABBOTT et al[17] obtained a
similar expression for damping function based on the
unsteady one-dimensional momentum equation and the
unsteady
one-dimensional
vorticity
equation
respectively:
f ( Rˆ , φ ) = 1 − exp ⎡⎣ − Rˆ (1 − φ )/A⎤⎦

(9)

where A is an empirical constant of about 26, which is
called damping-length constant. In fact, the dampinglength constant A is expected to vary somewhat with
flow conditions. Later, in order to make the turbulent
viscosity proportional to (1−φ)3 at φ=1, HANNA et al[18]
proposed the following modification for Eqn.(9):
f ( Rˆ , φ ) =

1 − exp ⎡⎣ − Rˆ (1 − φ ) A⎤⎦
1 − exp ⎡⎣ −0.26 Rˆ (1 − φ ) ⎤⎦

(10)

From Eqns.(8) and (9) or Eqn.(10), it follows that
3 ⎞ ˆ
⎛ 4
λ = 0.14 ⎜1 − φ 2 − φ 4 ⎟ f (R,
φ)
7
7

⎝

⎠

(11)

Combining Eqns.(4) with (11) gives a profile of the
time-smoothed velocity for turbulent flow in circular
tubes. In latish computation, it can be found that either of
damping function Eqn.(9) or Eqn.(10) is optional since
their effect on computing results is almost the same.
2.2 Model based on modified mixing length (Model 2)
According to Prandtl mixing length theory, Eqn.(1),
the eddy viscosity coefficient can be rewritten as

µt = ρ l l

du
⎛ du ⎞
= ρ u ′v′ ⎜ −
⎟
dr
⎝ dr ⎠

(12)

where µt represents eddy viscosity coefficient. It can
be seen from the equation that the eddy viscosity at the
center of a circular tube will be zero because of the
symmetry of flow. However, the eddy viscosity at the
center should not be zero according to the conception or
the experiment. This inconsistency may be caused
mainly by that Prandtl only took the first-order derivative
to approximate the eddy velocity. Thus, a simple way to
modify Prandtl mixing length theory is to utilize the
second-order derivative to approach the eddy velocity:
u ′v′ = −l l

d u 1 2 d2 u d u
+ l
d r 2 d r2 d r

(13)

Eqn.(13) is an expression of the modified mixing
length. Combining this equation with Eqn.(3), it follows
a time-smoothed velocity profile for turbulent liquid flow
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in circular tubes, denominated as Model 2:
⎛
d u%
d 2 u% ⎞ d u%
−β
= − Rˆφ
⎜⎜1 − α
⎟
dφ
d φ 2 ⎟⎠ d φ
⎝

(14)

The boundary and constrained conditions are
Eqn.(5) and
d 2 u%
dφ 2

=
φ =0

1 − 1 + 2 Rˆ 2
Rˆ

(15)

1ˆ 3
Rλ
2

(16)

where

α = Rˆ λ 2 , β =

Obviously, λ in Eqn.(8) is not suitable for this
modified model. This is because the relationship comes
from correlating the measured data of u ′v ′ and the
time-smoothed velocity with Eqn.(1). That is, the
expression of λ for the modified model should be
obtained from correlating the measured data with
Eqn.(13). Since the data are unavailable, Eqn.(8) is
reconstructed to adapt to the modified model.
From Eqns.(1) and (13), it follows that
⎛
⎜
⎝

1
2

λ22 ⎜1 + λ2

d 2 u%
dφ 2

d u%
dφ

⎞
2
⎟⎟ = λ1
⎠

(17)

where λ1 and λ2 are denominated as the mixing lengths
respectively for Model 1 and Model 2, respectively. The
former is known as Eqn.(8), while the latter can be
calculated from Eqn.(17) where the derivatives of
velocity are substituted by the calculated results from
Model 1. In this way, the dimensionless mixing length
for Model 2 can be expressed as
ˆ φ ) (18)
λ = λ2 = 0.128 5(1 − 0.543 4φ 2 − 0.456 6φ 4 ) f (R,

3 Results and discussion

Fig.1 Velocity profiles from Models and empirical equation at
Re=1×106

a borrowed expression of the mixing length, is still
departure from the empirical relationship. However,
Model 2(b), the modified model with the reconstructed
relationship of mixing length is similar to Model 1(b)
and also agrees well with the empirical profile.
Curve 6 in Fig.1 is the result of the model based on
the method of eddy viscosity in Eqn.(2). Compared with
the empirical profile, there exist obvious differences.
This means that the application of Prandtl mixing length
theory in tube turbulent flow is much better than that of
the concept of eddy viscosity.
The behaviors when Reynolds number is larger than
4 000 are similar to the above cases.
3.2 Dimensionless eddy viscosity
Fig.2 compares the calculated eddy viscosity profiles

In order to be convenient for discussion, Model 1,
Eqn.(4), together with Eqn.(8) is named as Model 1(a);
Model 1 together with Eqn.(11) is denominated as Model
1(b); Model 2, Eqn.(14), together with Eqn.(11) is called
as Model 2(a); Model 2, together with Eqn.(18),
constructs Model 2(b).
3.1 Profile of dimensionless time-smoothed velocity
Fig.1 shows the comparison between the models of
this work and the empirical equation of LIN et al[19]
under the condition that Re=1×106 for circular tubes. It
can be found that Model 1(a) is quite different from the
empirical profile, while Model 1(b) agrees well with the
empirical data, which indicates that the effect of the
mixing length in the viscous sublayer is very important.
Model 2(a), the modified mixing length model with

Fig.2 Eddy viscosity profiles from models and REICHARDT’s
equation at Re =1×106

J. Cent. South Univ. Technol. (2008) 15: 774−778

777

from Model 1(b) and Model 2(b) with the empirical
equation of REICHARDT (Eqn.(8)) at Re=1×106. It can
be found that Model 1(b) and Model 2(b) agree well with
the empirical equation of REICHARDT not very far from
the tube wall, but are quite different from REICHARDT’s
equation nearby the center of a tube. Especially, the eddy
viscosity calculated from Model 1(b) is zero at the center,
which is not in accordance with the fact. The reason is
discussed in Section 2.2. Generally, Model 2(b) is better
than Model 1(b) in prediction of eddy viscosity.
It can be seen from Fig.1 that Model 1(b) and
Model 2(b) are nearly the same in prediction of the
time-smoothed velocity. However, they are very different
in prediction of the eddy viscosity near the center. This
indicates that the influence of eddy viscosity in the center
region can be ignored.
3.3 Friction factor for circular tubes
The definition of the friction factor in tubes is as
follows[14]:

ξ=

1 D ∆P
⎛ uˆ ⎞
= 2⎜ ⎟
2
2 L ρu
⎝u ⎠

2

(19)

where ξ represents friction factor; D and L represent
diameter and distance of tube; and P represents pressure.
Fig.3 gives the friction factors from the models
developed by this work and from the empirical equation
of BARENBLATT[20].

same as Model 1(b).
It is interesting that Model 1(b) and 2(b) are close to
the theoretical equation of laminar flow in circular tubes
at very low Reynolds number. This may be caused by
damping function that involves the effects of viscous
sublayer on the mixing length and Reynolds number.

4 Conclusions
1) The modified mixing length overcomes the
shortcoming of Prandtl mixing length theory that gives a
zero value of turbulent viscosity at the center of circular
tubes. Two models of time-smoothed liquid velocity for
turbulent flow in tubes based on Prandtl mixing length
theory and the modified mixing length are developed.
According to the comparison of the models based on
Prandtl mixing length theory with the empirical
expression of time-smoothed velocity in tubes, it shows
that the model based on Prandtl mixing length theory is
much better than the method of eddy viscosity.
2) The modified mixing length includes the
introduction of a damping function for the viscous
sublayer and the second-order derivative to approximate
eddy velocity. The model based on the modified mixing
length agrees well with the empirical relationships
reported in literature for predicting the time-smoothed
velocity, eddy viscosity and friction factor for turbulent
flow in tubes. Particularly, the agreement for the friction
factor also exists at very low Reynolds number. This
indicates that the effect of the viscous sublayer on
turbulent flow in tubes is very important for momentum
transfer and perhaps for heat and mass transfer.
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