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Abstract: Based on the nonlinear displacement−strain relationship, the virtual work principle method was used to establish the
nonlinear equilibrium equations of steel beams with semi-rigid connections under vertical uniform loads and temperature change.
Considering the non-uniform temperature distribution across the thickness of beams, the formulas for stresses and vertical
displacements were presented. On the basis of a flowchart for analysis of the numerical example, the effect of temperature change on
the elastic behavior of steel beams was investigated. It is found that the maximal stress is mainly influenced by axial temperature
change, and the maximal vertical displacement is principally affected by temperature gradients. And the effect of temperature
gradients on the maximal vertical displacement decreases with the increase of rotational stiffness of joints. Both the maximal stress
and vertical displacement decrease with the increase of rotational stiffness of joints. It can be concluded that the effects of
temperature changes and rotational stiffness of joints on the elastic behavior of steel beams are significant. However, the influence of
rotational stiffness becomes smaller when the rotational stiffness is larger.
Key words: steel beams; semi-rigid connections; stress; displacement; stiffness; elastic behavior; temperature change; virtual work
principle

1 Introduction
In recent years, long-span structures have been
developed rapidly all over the world, especially in China.
Many applications of these structures have been found in
large industrial and public buildings like aircraft hangar,
sports and exhibition halls, theaters, and railway station
[1−3]. Many long-span structures are quite complex and
the influence of temperature is very important in the
design process since the temperature stresses and
displacements due to temperature change have a great
impact on the structures. Temperature stresses were
discussed in details for some real projects. MA et al [4]
calculated and analyzed the temperature effect on
Heilongjiang TV tower through the inspection and
research of structures in the frigid zones. An analytic
method for the temperature stress of a double-layer
hyperbolic pyramid cooling tower was introduced by
ZHANG et al [5], and the effect of different boundary
conditions on temperature stress was also discussed. The
non-uniform environmental temperature distribution and
the effect of temperature change for A380 aircraft hangar
at Beijing Capital International Airport were given by

PEI et al [2, 6].
Advanced structural analysis has been developed
rapidly in recent years [7]. However, the Eurocode
allows for the consideration of a sub-assembly approach
[8]. The method is attractive because it can lead to a
prescriptive representation of the structural response in
theory, which may be presented in design codes. So
researchers use this method to perform structural analysis
under temperature load [9−11]. Most efforts in the recent
studies of steel structures under non-uniform temperature
change have been devoted to two main topics: (1) effects
of non-uniform transverse temperature distribution
across the height of steel beams, or across the thickness
of columns, on their structural behavior [9−11]; and (2)
effects of longitudinal non-uniform temperature
distribution in continuous steel structures induced by the
heat sinks at floor levels [12−14].
Semi-rigid connections, such as seat angles with
web cleats, flush end plates and extended end plates
details, are widely used in the construction of steel
structures. It is known that assuming these connections to
be either perfectly pinned or fixed joints for simplicity
can cause considerable errors in structural analysis.
Effects of joint flexibility on steel structures under
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thermal loading were discussed in Refs.[15−16].
In this work, the elastic behavior of steel beams
with semi-rigid connection under vertically uniform
distributed loads was investigated. The object of this
study was to discuss the effect of temperature change on
the structural response of steel beams. The virtual work
principle method was used to establish the nonlinear
equilibrium equation, and the formulas for stress and
vertical displacement of beams with semi-rigid
connection were obtained. Then, the effects of
temperature actions and rotational stiffness of joints were
studied based on a numerical example.

where ( )′=d( )/dx; and u and v are the axial and vertical
displacements of the beam, respectively.
On the other hand, the total strain of the beam can
be described by [14]

2 Basic theory

1 2
⎧
⎪ε m = u ′ + v′ − γ t0
2
⎨
⎪⎩ε b = − y (v ′′ + ρt )

2.1 Nonlinear equilibrium equations
The geometry of the beam with semi-rigid
connections subjected to a vertical uniform load is shown
in Fig.1. In this model, the semi-rigid connections are
treated as elastic rotational springs with rotational
stiffness k. The axis system is selected as being
centroidal, with the origin at mid-span. The temperaturedependent elastic modulus E is assumed to be constant
because the temperature change is smaller than 100 ℃.
Under temperature change, strain εt at the axial line and
bending curvature ρt caused by an assumed linear
temperature gradient, are respectively
t1 + t2
⎧
⎪⎪ε t = γ t0 = γ 2
(1)
⎨
⎪ ρ = γ ∆t = γ t1 − t2
⎪⎩ t
h
h
where t0 is the temperature increment relative to its
ambient value; t1 and t2 are the downside and upside
temperature changes of the steel beam, respectively; γ is
the coefficient of thermal expansion that is taken as
1.2×10−5/℃ in this work; and h is the depth of the
beam.

ε = ε e + ε1, t

(3)

where εe is the mechanical elastic strain, and ε1, t is the
thermal induced strain. All the strains are defined as
positive when acting in tension. And mechanical strain εe
can be divided into two components, i.e., mechanical
axial strains εm and mechanical bending strains εb. From
Eqs.(1)−(3), we can obtain the mechanical axial and
bending strains, shown as
(4)

The differential equation of equilibrium for a steel
beam with semi-rigid connections under a vertical
uniformly distributed load and temperature actions can
be derived from the principle of virtual work that
requires
L/ 2

L/ 2

∫ − L/ 2 ∫ A (σδε )dAdx − ∫ − L/ 2 qδvdx − i =±∑L/2 kvi′δvi′ = 0

(5)

for all sets of kinematically admissible virtual strain δε
and virtual displacement δv, where σ is the elastic stress
of any point on the beam cross-section; A is the area of
the cross-section; L is the span of the beam; and q is the
vertical uniform load.
Substituting Eq.(4) into Eq.(5) produces
L/2

∫ − L/2 [ EA(δu ′ + v′δv′)ε m + EI z (v′′ + ρt )δv′′]dx −
L/2
∫ − L/2 qδvdx − ∑ ki vi′δv′ = 0

(6)

i =± L/2

where Iz is the second moment of area, and E is the
elastic modulus of steel beams.
Integrating Eq.(6) by parts, differential equilibrium
equations for the axial and vertical directions can be
obtained as follows:
− EAε m′ = 0
EI z (v′′ + ρt )′′ − EA(ε m v′)′ − q = 0

(7)
(8)

and the boundary conditions can also be produced, which
are given by
v ′′ + ρt + α v′/L |x = L/2 = 0
(9)
v ′′ + ρt − α v′/L |x =− L/2 = 0
(10)
Fig.1 Geometric model of steel beams

The nonlinear strain−displacement relationship can
be written as [15, 17]
1
ε = u ′ + v′2 − yv′′
(2)
2

where α = k L/2 L/( EI z ) = k− L/ 2 L/( EI z ) is the rotational
stiffness coefficient of joints.
In addition, the other kinematic boundary condition
for the beam shown in Fig.1 can be obtained as follows:
v |x =± L/2 = 0
(11)
Eq.(11) represents that the displacements at the
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boundary are equal to zero.

solving Eq.(18) with conditions Eqs.(9)−(11) as follows:

2.2 Vertical displacements
From Eq.(7), axial strain εm is a constant and can be
written as

v=

εm =

N
EA

(12)

where N is the actual axial force in the beam, which is
positive when the beam is in tension.
2.2.1 Vertical displacements under positive axial force
Substituting Eq.(12) into Eq.(8), and reducing the
equation to the simplest form, the following new
parameters are introduced
N
⎧ 2
⎪⎪µ1 = EI
z
⎨
qL
⎪w =
⎪⎩ 1 N

(13)

and then Eq.(8) can be written as
v ′′′′

− v′′ =

µ12

w1
L

(14)

The vertical displacement can be obtained by
solving Eq.(14) with conditions Eqs.(9)−(11) as follows:
Le− µ1 x

v=

4η1[2η1 (1 + e2η1 ) + α (e2η1 − 1)]

[e µ1 x w1 (η12 − µ12 x 2 ) ⋅

(1 + e 2η1 ) + α e µ1 x w1 ( µ1 x 2 /L − η1/2)(1 − e2η1 ) +
(e

µ1 x

η1

η1 µ1 x

− e )(2 ρt L − 2 w1 − α w1 )(1 − e e

(15)

)]

where η1 = µ1 L/2 is the axial force coefficient.
Then, the maximal vertical displacement, which is
at the mid-span (x=0) of the steel beam, is

v0 =

L
4η1[(e2η1 − 1)α + (e2η1 + 1)2η1 )

η1 (e

2η1

η1

{(e

2η1

+ 1)η12 w1

+

2

− 1)α w1/2 + (e − 1) [2 ρt L − (2 + α ) w1 ]} (16)

2.2.2 Vertical displacements under negative axial force
Substituting Eq.(12) into Eq.(8) and reducing the
equation to the simplest form, the following new
parameters are introduced
N
⎧ 2
⎪⎪µ 2 = − EI
z
⎨
qL
⎪w =
⎪⎩ 2 − N

µ22

+ v′′ =

w2
L

⎧⎪ 4 x 2
4( ρt L/w2 + α + 2)[cos( µ2 x ) − cosη 2 ] ⎫⎪
−L+
⎨
⎬
µ 2 (2η 2 cosη 2 + α sin η2 )
⎪⎩ L
⎭⎪
(19)

where η2 = µ2 L/2 is the axial force coefficient.
The maximal vertical displacement is at the midspan (x=0) of the steel beams and can be written as
⎫
1 ⎧ 4[2 ρt L + (α + 2) w2 ](1 − cosη2 )
− w2 L ⎬
v0 = ⎨
8 ⎩ µ2 (2η 2 cosη2 + α sin η2 )
⎭

(17)

σ = Eε e = E (ε m + ε b ) =

N
− Ey (v ′′ + ρt )
A

N
1 L/ 2
1
(u ′ + v ′2 − ε t )dx
= ∫
L
/
2
−
EA L
2

(22)

and noting that
1 L/ 2
u ′dx = u ( L/2) − u (− L/2) = 0
L ∫ − L/ 2

(23)

2.3.1 Stress under positive axial force
Eq.(12) can be simplified as
N
N Iz
=
⋅ = µ12 iz2
EA EI z A

εm =

(24)

when the beam is in tension, where iz is the radius of
gyration of the cross section about z axis given by
iz=Iz/A.
Substituting Eqs.(13) and (24) into Eq.(22) produces
4η12

λ

2

+ εt =

A1 + B1 cosh(2η1 ) + C1 sinh(2η1 )
96η12 (α sinh η1 + 2η1 cosh η1 ) 2

A1 = 24 ρt L[α + (4 + α )η12 ]w1 − 24 ρt2 L2η12 −
4[3α (2 + α ) + 2(3 + α ) 2η12 − 2η14 ]w12
2(α (α − 12) − 24)η12 + 8η14 ]w1}

The vertical displacement can be obtained by

(21)

From Eqs.(15), (19) and (21), it can be seen that the
only one unknown coefficient in the formulas for the
displacements and stresses of steel beams is axial force
coefficient η. And η can be determined by the axial
equilibrium equation, in which the constant axial strain is
averaged mathematically over the whole span of steel
beams. This produces

B1 = w1{24 ρt L(2η12 − α ) + [12α (2 + α ) +

(18)

(20)

2.3 Axial forces and stress
The elastic stress of any point on the beam
cross-section can be written as

where

and then Eq.(8) can be written as
v′′′′

w2
8

C1 = η1{12 ρt2 L2 + 12(α − 6) ρt Lw1 +
[60 + α (12 − 9α + 8η12 )]w12 }

and the slenderness for the beam is λ=L/iz.

(25)
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Substituting axial force coefficient into Eq.(21),
when the beam is in tension, the stress of steel beams at
any point is given by
⎧ 4η12

σ = E ⎪⎨

⎩⎪ λ

2

−y

⎪⎫
⎬
− 1)] ⎭⎪

2η1 ( ρt L − w1 ) A2 + α B2
L[2η1 (1 + e

2η1

) + α (e

2η1

(26)

where
A2 = 1 + e 2η1 − (e µ1 x + e− µ1 x )eη1
B2 = (e 2η1 − 1)( ρt L − w1 ) + eη1 (e − µ1 x + e µ1 x )η1w1

2.3.2 Stress under negative axial force
Eq.(12) can be simplified as
N
N Iz
=
⋅ = − µ22 iz2
EA EI z A

εm =

when the beam is in compression.
Substituting Eqs.(19) and
produces
−

4η 22

λ

2

+ εt =

(27)

(27)

into

A3 + B3 cos(2η 2 ) + C3 sin(2η2 )
96η22 (α sin η2 + 2η2 cosη 2 ) 2

beam, with an elastic modulus of 206 GPa, was 400 mm
×160 mm×12 mm×16 mm (height×width×thickness
of web×thickness of flange). And the vertical uniform
load on the beam was 20 kN/m.
3.1 Flowchart for analysis
It is obvious that the beam is in tension when only
vertical loads are applied. Axial temperature rise creates
compression in the beam, and axial temperature drop
causes tensile forces in the member. Axial force
coefficient η of steel beams under different temperature
gradients is shown in Fig.2. It can be seen from this
figure that the beam under temperature gradients is in an
axial tension. The axial force is linear with the
temperature gradient, and decreases with the increase of
rotational stiffness of joints.

Eq.(22)

(28)

where
A3 = 24 ρt L[(4 + α )η12 − α ]w2 + 24 ρt2 L2η22 +
4[2(3 + α ) 2η22 + 2η24 − 3α (2 + α )]w22
B3 = w2 {24 ρt L(2η 22 + α ) + [12α (2 + α ) +
2(α (12 − α ) + 24)η22 + 8η 24 ]w2 }
Fig.2 Effect of temperature gradient (∆t) on axial force
coefficient (η)

C3 = η2 {−12 ρt2 L2 + 12(α − 6) ρt Lw2 +
[α (9α − 12 + 8η22 ) − 60]w22 }

Substituting axial force coefficient into Eq.(21),
when the beam is in compression, the stress of steel
beams at any point can be obtained by
⎧⎪ 4η 22
w
⎡
+ y ⎢ρt + 2 −
2
L
⎣
⎩⎪ λ

σ = −E⎨

µ2 [2 ρt L + (2 + α ) w2 ]cos( µ2 x) ⎤ ⎪⎫
⎥⎬
2(2η2 cosη 2 + α sin η2 )
⎦ ⎭⎪

(29)

3 Numerical example and discussion
A steel beam with Ⅰ-section was chosen as an
example for the theory described in section 2 and the
effect of temperature change on the elastic behavior of
steel beams with semi-rigid connection was discussed. It
should be reminded that the theory presented in this work
can be used for all kinds of symmetric cross-section,
such as rectangle, circle, and hollow circular. The length
of the beam was 8 000 mm. The cross-section of the steel

As presented in section 2, different formulas should
be used for calculating the displacement and stress when
the beam is in tension or in compression. Therefore, the
axial force of steel beams under various vertical loads
and temperature actions should be determined firstly. The
flowchart, shown in Fig.3, is used for calculating the
displacement and stress of steel beams.
Fig.4 shows the axial force coefficient of steel
beams under different temperature actions using the
flowchart shown in Fig.3. The horizontal axis of the
figure is the axial temperature change at the centroid.
Assuming that the temperature gradient ∆t=βt0,
temperature gradient coefficient β corresponds to 0.1, 1,
and 10 in Fig.4, respectively. The member is in tension
initially under vertical loads and then in compression
when the axial temperature changes increase. After that,
it can be found that within the range of parameters
considered in Fig.4, the situations equal to 0.1 and 1
result in compression throughout. But when β is 10, the
member is in tension after a delineating temperature of
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31 ℃ is reached. And the delineating temperature
increases to 92 ℃ when the rotational stiffness
coefficient of joints increases to 1. This is because the
tension force produced by temperature gradient
decreases with the increase of rotational stiffness of
joints, as illustrated in Fig.2.
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increase of the vertical displacement becomes notable
when temperature gradient coefficient β increases. And
the variation of vertical displacement becomes inverse
while the temperature gradient coefficient is negative.
However, the maximal stress of steel beams has little
correlation with temperature gradients.

Fig.3 Flowchart for analysis of numerical example

Fig.5 Effects of temperature actions on elastic behavior of steel
beams: (a) Maximal stress; (b) Maximal vertical displacement

Fig.4 Axial force coefficient under different temperature
actions

3.2 Effects of temperature actions
Effects of temperature actions on the elastic
behavior of steel beams when the rotational stiffness of
joints is equal to zero are shown in Fig.5 as the variations
of the maximal stress and maximal vertical displacement
with the axial temperature change at the centroid t0
respectively. It can be seen that the maximal stress of
steel beams increases whenever the axial temperature
rises or drops. If the temperature gradient is not
considered (β=0), the vertical displacement increases
slightly with an increase of the axial temperature. But the

3.3 Effects of rotational stiffness of joints
Fig.6 shows the effect of rotational stiffness on the
elastic behavior of steel beams as the variations of
maximal stress and maximal vertical displacement with
rotational stiffness coefficient α when the temperature
gradient is not considered. The maximal stress and
vertical displacement of steel beams decrease with an
increase of joint rotational stiffness. And the effect of
rotational stiffness becomes smaller when the rotational
stiffness is larger. The decrease of the maximal stress and
vertical displacement becomes very slow when the
rotational stiffness coefficient α＞4.
The relationship between the maximal vertical
displacement and temperature gradient coefficient β at
different rotational stiffness of beams with semi-rigid
connections is illustrated in Fig.7. The vertical

J. Cent. South Univ. Technol. (2010) 17: 845−851

850

displacements of pin-ended beams are also given in Fig.7
for comparison. It can be found that the maximal vertical
displacements of beams with semi-rigid connections are
smaller than those with pin-ended beams. And the effect
of temperature gradients on the maximal vertical
displacement decreases with the increase of rotational
stiffness of joints. When the rotational stiffness of joints

is infinity (i.e., the beam is fixed), the temperature
gradient will have no effect on the vertical displacement.

4 Conclusions
(1) The sign of axial force is controlled to a great
extent by the temperature gradient coefficient β. And the
influence decreases with an increase of the rotational
stiffness of joints.
(2) The effects of temperature change on the elastic
behavior of steel beams under vertical uniform loads are
significant. The maximal stress increases with the
increase of axial temperature changes. The vertical
displacement has small correlation with axial
temperature changes, which is influenced by the
temperature gradients. However, the effect of
temperature gradients on the maximal vertical
displacement decreases with the increase of rotational
stiffness of joints.
(3) The influence of rotational stiffness of joints on
the maximal stress and vertical displacement is distinct.
The maximal stress and vertical displacement reduce
when the rotational stiffness of joints increases.
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